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ABSTRACT: Using the methods developed in earlier papers we analyze a new type of de-
formation of the superspace. The twist we use to deform the N = 1 SUSY Hopf algebra
is non-hermitian and is given in terms of the covariant derivatives D,. A SUSY invariant
deformation of the Wess-Zumino action is constructed and compared with results already
known in the literature. Finally, by calculating divergences of the two-point Green func-
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done. As expected, there is no renormalization of mass and no tadpole diagrams appear.
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1 Introduction

The idea of noncommuting spacetime coordinates goes back to Heisenberg who suggested [1]
that uncertainty relations between coordinates could resolve the ultraviolet (UV) diver-
gences arising in quantum field theories. The issue was then investigated by Snyder in [2],
but did not attract much interest at the time. However, in the last two decades noncommu-
tative geometry has found applications in many branches of physics such as quantum field
theory and particle physics, solid state physics and many others. Comprehensive reviews
on the subject can be found in references [3-9].

Having in mind problems which physics encounters at small scales (high energies), in
recent years attempts were made to combine supersymmetry (SUSY) with noncommutative
geometry. Different models were constructed, see for example [10-15]. Some of these
models emerge naturally as low energy limits of string theories in backgrounds with a
constant Neveu-Schwarz two form and/or a constant Ramond-Ramond two form. In [13]
the anticommutation relations between the fermionic coordinates were modified in the
following way

{6°56°F =CF, {64305} ={0"10a} =0, (1.1)

where C®% = CP* is a complex constant symmetric matrix. The analysis is done in Eu-
clidean space, since the deformation (1.1) is hermitian only in Euclidean signature where
undotted and dotted spinors are not related by the usual complex conjugation. Note that



the x-product used in (1.1) is also well defined in Minkowskian signature although in that
case it is not hermitian [14]. The chiral coordinates y™ = 2™ 4 i#c™0 commute in this set-
ting, therefore the notion of chirality is preserved, i.e. the x-product of two chiral superfields
is again a chiral superfield. On the other hand, the constructed models break one half of the
N = 1SUSY so they are invariant only under the so-called N = 1/2 SUSY. Renormalizabil-
ity of the Wess-Zumino models with this deformation was considered, see for example [16].
Some of the obtained results are: the renormalizability is lost already at the one loop level,
but it can be restored by adding to the classical action new couplings (interaction terms)
which depend on the deformation parameter. Also, a pure gauge sector which is supergauge
invariant and one loop renormalizable can be constructed [17]. Recently, a renormalizable
N = 1/2 super-Yang-Mills model with interacting matter was constructed in [18].

Another type of deformation was introduced in [14]. There the product of two chi-
ral superfields is not a chiral superfield but the model is invariant under the full super-
symmetry. A deformation of the Hopf algebra of SUSY transformations by a twist was
considered in [19].

In our previous paper [20] we applied the twist formalism to deform the Hopf algebra
of N = 1 SUSY transformations. Our choice of the twist is different from that in [19].
We work in Minkowski space-time and choose a hermitian twist. As undotted and dotted
spinors are related by the usual complex conjugation, we obtain

{0050y =C, {04303} =C.p {07704} =0, (1.2)

with Ca 5= (Cqp)*. The deformed Wess-Zumino Lagrangian was formulated and analyzed,;
the action which follows is invariant under the twisted SUSY transformations. Superfields
transform in the undeformed way, while the Leibniz rule for SUSY transformations (when
they act on a product of superfields) is modified. Since the action is non-local it is difficult
(but not impossible) to discuss renormalizability properties of the model.

Nevertheless, we are interested in renormalizability properties of theories with twisted
symmetries. It is important to understand whether deforming (by a twist) of symmetries
spoils some of the renormalizability properties of SUSY invariant theories. Therefore, in
this paper we analyze a simpler model with the twist given by

F = 20" Da@Ds, (1.3)

where 0% = OB ¢ C is a complex constant matrix and D, = 9y — 10,9040, are the
SUSY covariant derivatives.

Following the method of [20] in the next section we introduce the deformation and
the x-product which follows from it. Due to our choice of the twist (1.3), the coproduct

of SUSY transformations!

remains undeformed, leading to the undeformed Leibniz rule.
Being interested in deformations of the Wess-Zumino model, we discuss chiral fields and
their products. The product of two chiral fields is not a chiral field and we have to use the

projectors defined in [21] to separate chiral and antichiral parts. All possible invariants are

"We only consider the N = 1 SUSY in this paper. The generalization to N = 2 SUSY and higher can
be obtained by following the same steps as in section 2.



listed in section 4 and the deformed Wess-Zumino action is constructed in section 5. Using
the background field method we then analyze two-point functions and their divergences.
Finally, we give some comments and compare our results with the results already present
in the literature. Some details of the calculations are collected in appendices A and B.

2 D-deformation of the Hopf algebra of SUSY transformations

The undeformed superspace is generated by the coordinates z, # and # which fulfill

[xm’xn] = [xm’eoz] = [xm’a_d] =0,
{6,607} = {64,605} = {6%,0a} =0, (2.1)
with m =0,...3 and o, 3 = 1,2. To 2™ we refer as to bosonic and to ¢ and 8, we refer

as to fermionic coordinates. Also, 22 = 2™z, = —(2°)% + (z1)% + (22)? + (2)2. A general
superfield F(z,0,0) can be expanded in powers of # and 6

F(z,0,0) = f(x) + 0¢(z) + Ox(x) + 00m(x) + 00n(z) + 0™ Ov,,
+000X(x) + 000 (x) + 0000d(x). (2.2)

Under the infinitesimal SUSY transformations it transforms in the following way

5 F = (£Q +EQ)F, (2.3)
where ¢ and € are constant anticommuting parameters and @ and @ are the SUSY gener-
ators

Qo = 04 — Z.O'W(;aédam7 (24)
Q% = 0% — 6™ Beﬁd(?m. (2.5)

As in [20, 22], we introduce a deformation of the Hopf algebra of infinitesimal SUSY

transformations by choosing the twist F in the following way
F = 20 Da®Ds (2.6)

with the complex constant matrix C*? = C#* € C. Note that this twist is not hermitian,
F* # F. The usual complex conjugation is denoted by “«”. It can be shown [23] that (2.6)
satisfies all the requirements for a twist [24]. The Hopf algebra of SUSY transformation

does not change since

{Qa, Dg} = {Qa, D} =0 (2.7)
and it is given by
e algebra
{QOM Qﬁ} - {Qd’? ng} - 07 {QQ’? ng} - 210’77;637717
[3m,8n] - [amaQoz] - [aman] =0. (2.8)



e coproduct

AQo=Qa®1+1® Qa, AQs=Qa®1+1® Qa,
A0y =0, R1+1Q 0. (2.9)

e counit and antipode

e(Qa) = £(Qa) = £(0m) = 0,
5(Qa) = —Qa, S(Qs) = —Qar  S(0n) = 0. (2.10)

This means that the full supersymmetry is preserved.

Strictly speaking, the twist (2.6) does not belong to the universal enveloping algebra
of the Lie algebra of infinitesimal SUSY transformations. Therefore, to be mathematically
correct we should enlarge the algebra (2.8) by introducing the relations for the operators
D,, as well. Note that the same happened in [20], where the twist was given by

F = 3000805440, 50000 (2.11)
with the complex constant matrix C*? = C%* and C*? and C4 were related by the usual
complex conjugation. There we had to enlarge the algebra by adding the relations for the

fermionic derivatives d, and 0%.
The inverse of the twist (2.6)

Fl = e 20 Da®Dy (2.12)
defines the x-product. For two arbitrary superfields F' and G the x-product reads
FxG=p{F oG}
= {F'FoG}
_ M{efécaﬁDOé@DﬁF ® G}
1
—F-G- 5(—1)‘F|C°‘5(DGF) - (Ds@)

1 (03
-3C BCY (DD, F) - (D3D;G), (2.13)

where |F| =1 if F' is odd (fermionic) and |F| = 0 if F' is even (bosonic). The second line
of (2.13) is the definition of the u, multiplication. No higher powers of C®% appear since
the derivatives D, are Grassmanian. The x-product (2.13) is associative,? noncommutative
and in the zeroth order in the deformation parameter C,g it reduces to the usual pointwise
multiplication. One should also note that it is not hermitian,

(F%G)* # G* x F*. (2.15)

2The associativity of the x-product follows from the cocycle condition [24] which the twist F has to fulfill
Fr2(A @ id)F = Fas(id @ A)F, (2.14)

where Fi2 = F® 1 and Faz3 = 1 ® F. It can be shown that the twist (2.6) indeed fulfills this condition, see
for details [23].



The x-product (2.13) leads to

{0°50°) = O, {04 %05} = {0% % 0a} =0,
(2™ % 2" = —CF(6™"¢) 0500,
(2™ * %] = —z'caﬁag%éﬁ, [z™ % 04) = 0. (2.16)

The chiral coordinates y™ also do not commute

[y™ *y"] = —800CF(5™"¢) 5. (2.17)

Other (anti)commutation relations follow in a similar way.

Relations (2.16) enable us to define the deformed superspace. It is generated by the
usual bosonic and fermionic coordinates (2.1) while the deformation is contained in the
new product (2.13). From (2.16) it follows that both fermionic and bosonic part of the
superspace are deformed. This is different from [20] where only the fermionic coordi-
nates were deformed.

The deformed infinitesimal SUSY transformation is defined as

SEF = (€Q +EQ)F. (2.18)

Since the coproduct (2.9) is undeformed, the usual (undeformed) Leibniz rule follows. Then
the x-product of two superfields is again a superfield. Its transformation law is given by

B(F+C) = (£Q +EQ)(F+C)
— (5:F) G+ F % (5G). (2.19)

3 Chiral fields

Since we are interested in possible deformations of the usual® Wess-Zumino action, we now
analyze chiral fields and their x-products.

A chiral field @ fulfills Ds® = 0, where Dy = —05 —i0%0™ 0, and Dy, is related to Dy,
by the usual complex conjugation. In terms of the component fields the chiral superfield
® is given by

®(z,0,0) = Aw) + V20%ipy (z) + 00H () + i05'0(0 A(x))

? o m  pé L aa
5000y (@) "8 + 70966(0A(2)). (3.1)

The *-product of two chiral fields reads
1
PxP =0 gcaﬁméDaD,Y@DﬁD(@

=00 3—1202(D2<1>)(D2<1>)

2 02 2 @
= A -0 + 2V/2A40%),

3In this paper “usual“ always refers to undeformed, that is to the case Cap = 0.



—iV2C?HO46 (Opiba) + 06 (QAH - W’)
+C%06 ( — HOA + %(8m¢)0mal(3z¢))>
+i05"0 (0 (A%) + C2H O, H )
V2000455 (01, (1ba A))

+§§9—C2(—H9Dw + 005" 0p1p 0y H )

%0055 (DA2 — %CZDH2>, (3.2)

where O? = Caﬁcv%mgﬁé_ Because of the 0, 60 and the 000 terms (3.2) is not a chiral
field. Following the method developed in [20] we decompose the x-products of chiral fields
into their irreducible components by using the projectors defined in [21]. The antichiral,
chiral and transversal projectors are defined as follows

1 D2D?
P = — 3.3
TN (3.3)
1 D2D?
Py = — 3.4
2716 O (3-4)
1DD2D
Pr— = , 3.5
r SO (3.5)

The chiral part of (3.2) is undeformed and it is given by (for details we refer to [20])
Py(® % D) = O
= A2 4+ 2240, + 00 <2AH — W)

+ifo™d <8m(A2)) + V2000455 (O (0 A))
+i€0§§DA2. (3.6)
The antichiral part reads
P (®x®) = —%QHQ — iV2C?HO5™0,,1) + C200 < — HOA + %(amwam&’ (al¢))>

+i0c™OC*HO,, H + \/759902(—1%51/; + 00™G"0p1p 0, H)

—é@@@éCQDHQ. (3.7)
In this case there is no transverse part of ® x ®,
Pp(® % ®) =0. (3.8)
Next, we calculate the x-product of three chiral fields. The following identity applies
(PxP)*xD = (P- P+ P (PxD))+xD
= 0PD — 3%02D2(<I><I>)D2<I> + P (D D)D, (3.9)



with

and

- 3—1202D2(<1><1>)D2<1> _ 2 [ _AH? 4 %H(Wb) — iV3AHG" (D)

V2 550, )

_ 1 1
+99< — AHOA — §HDA2 + S¥y0A

V(05" Dy (AV)) H +

+0n(A)o" 5" (0,0))
+i05™00,, <AH2 - %H ww)
+240) ( — AHOOW + 5 (0006) () — HOO(Av)
+00"G ™ O (A) (0, H) + %aalam(amw)al(zAH — w))

%999‘9‘5( — AH? + %(W)HH (3.10)

P(®*P)xD = P (B xD)-

_ 2 [ - %AH2 - gewﬂ - %99}13 — iV2(0™ () AH

+(80) ( ~HADA 4+ %A(alw)alam(am¢)>

+i(008) <%A(81H2) - %HQ((?ZA) + (¢015m(8m¢))H>

+¢\/§<i(99)(eal¢)(alﬂ2) - Z(ea)(eamwmw))m)

+gea <eama"am(Han¢)A — 2(00) (HDA - %(amw)ama"(an¢)>
—(HalA)aalam(amw)

+99§§< — éADH2 - %HQDA - %wma"am(ﬂanw)

FH(Oth)o™ 5™ (O t) + i(amA)(amm))}. (3.11)

It is easy to see that

1
Py(®x D)« D = dOD — 3—2021)2(@@)1)2@. (3.12)

The projections are given by

Py(Py(®x®) + D) = —3%021)2(@@)1)2@
Py(Py(® + D)+ &) = ODD. (3.13)



4 Invariants

Let us now examine the transformation laws under the deformed SUSY transforma-
tions (2.18) of terms which could be relevant for the construction of a SUSY invariant
action.

There are two quadratic (in the number of fields) invariants,* I; and Io:

I = Py(® * @)‘09 — 2AH — i), (4.1)

1
Iy = P (P« CID)‘@ =—-C? <HDA — i(amzp)ama"(anw)) (4.2)
Their transformation laws are given by

StI = 20286 O (AY), (4.3)
5t = V2C*E0" 6" O (H (On1))).

Looking at cubic terms we see that there are more candidates for possible invariants.
The first two are I3 and I4:

Iy = Po(Po(® 5 ) % @)‘69 = 3(A2H — Agw), (4.5)

I = Pl(PQ(tIM(tI))*CD)‘

06

= C? ( — AHOA — %HDAQ

1

+UUTA+ 0, (A0S (0,0) ) (4.)
One can check that they indeed transform as total derivatives. Two more candidates are

given by

1
Is = P (P (P % D) * @)‘éé = (C? ( — AHOA + §A(6ﬂ/))al5m(8m¢)>, (4.7)
C2

Is = Py(Pi(® @) *q>)(9€ — - (4.8)

However they do not transform as total derivatives

2
5t Is = %ga( — 2H (AW, + o 0A) +2(0™5") 2 (015) (0, H) A

+a(0)0' 5" (On)) (4.9)
# Om(...),
5t = —%czg‘am(amqp)ﬂz (4.10)

4Strictly speaking, terms I; and I are invariant only under the integral f d*z, that is when included in
an action. Since the construction of an invariant action is our aim, we continue with this abuse of notation
and call ”invariant“ all terms that under SUSY transformations transform as total derivatives.



£ Op(...).

Inclusion of these terms will not lead to a SUSY invariant action. The last candidate for
a cubic invariant is Ir:

I = B(P(@x0)x®)| = —— (ADH2 +5H20A (4.11)

—4H (O )0 (O1) + 20075 O (H (1)) ).

Since we are interested in equations of motion we omitted a term which is a total derivative

in (4.11). Note also that the terms P;(P;(® x ) (I))‘Geéé and Po (P (P * D) @)‘%ég are
equal up to a total derivative term and therefore lead to the same equations of motion.
Since I7 is the highest component of a superfield, under (2.18) it transforms as a total

derivative and can be included in a SUSY invariant action.

5 SUSY invariant Wess-Zumino model

In order to write the SUSY invariant action we collect all invariant terms and obtain the
following Lagrangian

L= <1>+*q>‘ s [@(PQ(cp*cb)‘ —i—aPl((I)*cI))‘”)
0000 2 00 00

P2 (PPo(@ @) x ®)| - BP(Pa(® 5 ) 5 0)

126(Py + Po)(Py(® % ) » @)‘mé) + e ] , (5.1)

00

with m, A, a, b and c real constant parameters. Terms Pj (Pl(q)*@)*@)‘%éé and Py (P (P
D) x P
) * @) 6696

same coefficient. The action in component fields which follows from (5.1) reads

are equal up to a total derivative term and are therefore included with the

S = / d'z {A*DA + i0maba™p + H*H
+m <AH —~ %ww) + m(A*H* - %W)
FA(APH — Ay) + A((A*)H* — A*))
- [CQ <ma1 (%wmzp - HDA> + Aag ( — AHOA — %H(DAQ)

+%1,Z)1,Z)(DA) + Amw) + )\a3< _ ;HZDA + gH(ale))Um&l(@lw)))

+ce. H (5.2)

The coefficients a, b and ¢ are related to aj, as and as: a/2 = a1, b/3 = ag and ¢ = as.
Note that (5.2) is the full action, i.e. no higher order terms in the deformation parameter
C*PB appear.



Varying the action (5.2) with respect to the fields H and H* we obtain the equations

of motion for these fields
H* = —mA — MA? + ma;C*(0A) + AayC? (ADA + %(DA2)>

3 2 m =l

~2asC? (= 2H(DA) + (0m¥)0™5' (010) ). (53)

_ _ 1
H = —mA* — \(A")? + ma;C*(OA*) + Ay C? (A*DA* + i(DA*2)>

3 ~2 * * N=m I "

—~AaC (— 2H*(0A*) + (0,1)5"0 (6@)). (5.4)

Unlike in the undeformed theory, equations (5.3) and (5.4) are nonlinear in H and H*.
Nevertheless they can be solved

= (1- 9(Aa3)20202(DA*)(DA)>1{ —mA® — A(A7)?
+ma; C?(0A*) + AayC? (A*DA* + %(DA*)2>
3Xa3C2(0A%) (mA + AA2) - gxagc??(amzﬁ)amal(al@
+3Xa3C?(0A%) [malCQ(DA) + XasC? (ADA + %(DA)2>
—g)\a302(6m1[))0m51(8l¢)} } (5.5)

and similarly for H. These solutions we can expand up to second order in the deformation
parameter and insert in the action (5.2). The action then becomes

S= 5+ 5. (5.6)
with
Sp = / diz {A*DA + (0 t)5" ) — T (V0 + 90) — A(A"0 + Ay)
—m2A*A — mAA(A*)? — mAA* A% — )\2A2(A*)2}, (5.7)
Sy = / dtz {CQmal <%¢(D¢) + (OA)(mA* + A(A*)2)>
+C?hag <%pr(DA) + AG(OH) + (mA* + A(A")?) (A(DA) 4 %(DA2)>>
2 0ag(mA” + M4 ([OA) A" + AA) + (D)™ (010))
+C%may (%w(mw) + (OA%)(mA + )\A2)> (5.8)

o))

—;C’Q)\ag(mA +242) (DAY (mA + AA%) + (00)0™ 0 (O1)) }

DO | —

+C? \ay <%w¢(DA*) + A*p(O9) + (mA + AA?) <A*(DA*) +

,10,



6 Renormalizability properties: two-point Green functions

In this section we investigate some renormalizability properties of our model. Using the
background field method [25] and the dimensional reduction [26]° the divergent part of
the effective action up to second order in fields is calculated. Note that we work with the
action (5.2) and not with (5.6).

To start with, we rewrite the deformed action (5.2) introducing the real fields S, P, E

and G as S +iP E+iG

A= . H
V2

(6.1)

V2
and the Majorana spinor® ¢y, = 1@0'{ . The deformation parameter C,5 can be written
e B

in the following way
Cap = Kap(0™€)ap,  Cup = Kip(c0™) s (6.2)
Since K is a self dual tensor we write it as
Kb = Kap + %eabcdn“l, (6.3)
where kg, is a real antisymmetric tensor. In this way we obtain

C? + C? = 4™ (6.4)

02 — C_a = 2i€abcdlﬁiablﬁi0d.

In order to simplify our calculation we will assume that C? — C? = 0. This choice can be
obtained by setting kg; = 0.

With all this and introducing g = % the action (5.2) becomes”

S =5y)+ 5
with
4 [1 1 .- " 1o 2
+m(SE — PG) — Sy + gPyy*1)

+9(ES* — EP? — 2SPG)}, (6.7)

Sy = C? / dx {ma1 (%zpmzp — EOS + GDP)

5The method of dimensional regularization has a draw-back that it might not preserve the supersym-
metry. Therefore one uses a modification of it, the so-called dimensional reduction.

5The index M on the Majorana spinors will be omitted in the following formulas.

"In the notation of [21] the matrix 75 and the Lorentz generators ©™" are defined as

1
P =912, T = LSRR (6.6)

— 11 —



+gas(PGOS — SEOS + PEOP + SGOP
—%(SQDE — P?0FE — 2SPOG) + %WDS
—%WWP +Y0yS — 7’0y P)
+;ga3(—E2DS + G*0S 4+ 2EGOP — Ed,,p0™
+ GOty — 20X 1p 0, E + 21/;2’""753”@,”0)}. (6.8)

We split the fields into their classical and quantum parts, for example £ — E + £.
The action quadratic in quantum fields is

v
S
@ _1(g
S :§<q157>5g>M P, (6.9)
&
g
where U, ¥, S, P, &, G are quantum fields. The one loop effective action is then
= %STrln [1 +(O- m2)_1MC], (6.10)
with
—ig+m 0 0 0 0
0 1 0-m?O0
C= 0 01 0 m|. (6.11)
0 -m 0 O 0
0 0 m 0 O
The matrix M C can be decomposed into three parts
MC=N+T+V. (6.12)
The zeroth order (in the deformation parameter) term is given by
—S+9°P)(=id+m)  —¢ Y1 my myep
—(—id) + m) (E —mS) —(G+mP) —mE + SO —mG — PO
N=2g Py (—id + m) ~G+mP —E—-mS mG- PO —mE— SO|.(6.13)
0 S —-P —mS —mP
0 —-P -S mP —mS
The second order term (in the deformation parameter) which contains no fields is
O(—id+m) 0 0 0 0
«— ——
md 0 —-0O0 0
T = ma,C? 0 o mb o OO |. (6.14)
0 -0 0 mO 0
0 0 0O 0 mQd

- 12 —



The matrix V is second order in the deformation parameter and contains classical fields
linearly. Its matrix elements are given in appendix A.

The one-loop divergent part of the effective action we calculate up to second order in
g, second order in fields (two-point functions) and up to second order in the deformation
parameter C,g. Therefore the effective action is given by

= %STrln [1 F(O-md) Y N+T+ V)]
% [STr((D —m?) YN +T+V))
—%STr((D — ) IN(O = m2) ')
—STr(0 —m?)"'N(@O —m?) "N (T + V)

FSTH(((0 — m?) " N[O — mZ)—lT)] . (6.15)
The calculation of divergent parts of supertraces is tedious but straightforward and here we
give only the results. The details are given in appendix B. Denoting K = [0 —m?2, we have
STr(K YN +T+V)) =0, (6.16)
)
STr(K'NK'N) = 2 [ a%s
e
X [sms + POP — iy + B + GZ] , (6.17)
STr K*INK*IT] =0, (6.18)
STr(K'NK~V) = —g2C?— / dz [3a3m2(—2PDG
272e
— [y + 2S0OE)
+az((08)? + (OP)? + 4m?S01S
— i — 2m2pidy + 4m>POP
+4m2E? + EOE + GOG + 4m2G2)] , (6.19)
-2 2 2
ST(K ' NK-INK-IT) = 2C 1m0 / d'z
m2e
X [SDS + POP — i) + B + GQ] . (6.20)

In (6.19) terms ((JS)? and (O0P)? appear. Since these terms do not have classical coun-
terparts we take aa = 0. Then the divergent part of the one loop effective action (6.15) is
given by

2
1 _
r =2 /d% [Z(sms + POP + i + E? + G?)
o€
+Za302m2(2PDG + ¢y — 2S0E)

—C?aym?(SOS + POP — idnp + E* + G?)|. (6.21)
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Let us now discuss the one-loop renormalizability properties of our model. To cancel
the divergences we have to add to the classical Lagrangian the counterterms

Lp=Ly+ Ly —TY. (6.22)

In this way we obtain the bare Lagrangian Lp. It is important to note that the term
I7 in the classical action (5.2) produces divergences proportional to I (compare (6.19)
and (6.8)), so both of them are necessary in order to absorb the divergences in the effective
action. From the form of the bare Lagrangian we see that all fields are renormalized in
the same way:

SO = \/ZS, PQ = \/ZF, 1[)0 = \/ZT,Z), EO = \/ZE, G() = \/ZG, (623)
with
=1- 92 1—-14 202 6.24
Z =1 . .
5 26( aym-C?) ( )

The tadpole contributions add up to zero as in the commutative case. Also, dm = 0, i.e.
there are no dmiy and dm(SE + PG) counterterms. It is obvious that the deformation
parameter has to be renormalized too,

2
2= (1 539 >02 . (6.25)

2m2aie

The present analysis is not complete and we plan to consider the vertex corrections in a
forthcoming publication. From the vertex corrections we should draw conclusions about the
renormalization of the coupling constant g and about the renormalizability of the full model.

Finally, let us make a comment concerning the non-renormalization theorem.
From (6.21) we see that the divergent part of the effective action consists of the usual
term (O+P) vodd and a new (compared to the undeformed case) term P;(® x @) - Both
terms are expressible as integrals over the whole superspace. In particular, for the new
term we have

PL(® @)(é - /d4x d2 §d2 0 06P, (P D)
1 _
= —502/&% d? 6d? 0 09(D?*®)(D?®)
= %C’Q/d‘lx d? 6d* 6 ®(D*®). (6.26)

We see that at the level of two-point Green functions there is no need to deform the
nonrenormalization theorem. This conclusion is different from [27].

7 Conclusions

In order to see how a deformation by twist of the usual Wess-Zumino model affects its
renormalizability properties, we considered a special example of the twist (2.6). Compared
with the undeformed SUSY Hopf algebra, the twisted SUSY Hopf algebra is unchanged.

— 14 —



In particular, the twisted coproduct is undeformed, which leads to the undeformed Leibniz
rule (2.19). However, the notion of chirality is lost and we have to apply the method
of projectors introduced in [20]. By including all constructed invariants, we formulate a
deformation of the usual Wess-Zumino action (5.2). Finally, we discuss some preliminary
renormalizability properties of the model. As expected, there are no tadpole diagrams and
no mass renormalization counterterms. All fields are renormalized in the same way, which
is another property of SUSY invariant theories. As the renormalization of the coupling
constant ¢ is concerned, at present we cannot say if it is renormalized and how. However,
we see that the freedom in choosing terms in the action is partially fixed by demanding
the cancellation of divergences. That request leads to ao = 0 and additionally we see that
both a; and ag terms are necessary.

Let us remark that the twist (2.6) leads to the *-product (2.13) which has already
been discussed in [14]. In that paper the deformed Wess-Zumino Lagrangian has been
constructed in two different ways. The difference was present in the interaction terms.
Namely, one can take the term @i‘% which (since ®2 is not chiral) breaks 1/2 SUSY;
this term is equal to our Is (4.8) and was not included in our deformed model (5.2) since
it is not SUSY invariant. Adding its complex conjugate breaks the full supersymmetry.
The other possibility which was considered in [14] was to take the term @2‘9957 as an
interaction term. Is is equal to our Iy (4.11). Since it is the highest component of the
superfield ®2, it transforms as a total derivative and the action is invariant under the full
supersymmetry. However, its commutative limit is zero and it is not a deformation of
the usual interaction term. The commutative limit is obtained in [14] by adding the term
(®*)2 which is undeformed and its complex conjugate reproduces the proper commutative
limit. We have seen that the action with only the I7 term is not renormalizable.

Renormalizability of the deformed Wess-Zumino models with the term ®3 oc H3 was
studied, see for example [16]. To make these models renormalizable one has to add ad-
ditional terms to the original action. The main advantage of our model is the absence
of this problem. By including all possible invariants from the beginning we see that no
new terms are needed to cancel the divergences that appear. However, our results are not
complete since we calculated here only the divergences in the two-point functions. In the
forthcoming paper we will consider the vertex contributions and then we will be able to
tell if our present conclusions still hold.

Acknowledgments

The work of M.D. and V.R. is supported by the project 141036 of the Serbian Ministry of
Science. M.D. also thanks INFN Gruppo collegato di Alessandria for their financial support
during one year stay in Alessandria, Italy where a part of this work was completed.

A Matrix elements of V

The matrix elements of V' are given by
Vir = gC?(ax(08 + 250 — 7°0P — 2Py°0))
+3a3(ED + (8mE)8m — (3mG)758m — G’YSD
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_oxmng, Bo, + zzm"fﬁamaan)) (—id) + m),

Vig = gC?

Vi = gC?

:ag <¢D n 2D¢> — 3azm (w + 0, b — 22m"an¢am)] :

a2 (=770 - 29°00)

+3a3m( — A0 — 720, 0™ + 22mn75an¢am)] )

Vig = gC?

: — may (wD n 2sz) + 3a3 (sz

+O,,00™ — 22m"an¢am>m],

maz (%90 - 200

+3a3m( — AT — P8, O™ + QEm"’y58n1/18m) D} :

Vo = gC?
Voo = 902_
Vog = gC?

4 <Eq,z7 + 2q,z7m) (=i + m),
— as(2E0 + OE) + mas(0S + SO+ O8) + 3ma3<iE} :

r —
ax(0G + GO+ OG)

— —
+mae(0P + PO+ OP) + 3ma3DG} ,

+as
Vas = gC°
Vi = gC?
Vip = gC?
Viz = gC°

'mas(2E0 + OF) — ax(0S + SO+ 08)0 — 3a3<iED} ,

'may(0G + GO + OG)

(OP+ PO+ 0OP)O+ 3a3EGD} ,

ax( = Oy® = 267°0) (=it + m)]

. — «— —
a>(0G + GO + 0G) — ap(OP + PO+ OP) — 3ma3DG},

a2 (2E0 + OE) + max(0S + SO+ 0O8) + 3magﬁE} ,

|~ aym(0G + GO+ 06)

(OP+ PO+ 0OP)O+ 3a3EGD} ,

'mas(2E0 + OE) + ax(0S + SO+ 08)0 + 3a3<EED} ,
:3a3( — 9, — 2amzzzmnan> (—if + m)] ,

| ay(0S + SO+ §8) + 3as(mOS — ED)] ,

a(OP + PO+ OP) + 3a3(mOP + GD)] ,

_aggm(DS + 50+ (ES) + 3az(—0SO + mED)} )

'mas(OP + PO+ OP) + 3a3(OP)0 + mGD)} ,

:3a3 (aszam . 2am1/?2m"an) (—i + m)] ,
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Viz = 9C*[ax(@P + PO+ F1P) + Bas(-mOP + GO

Vay = —gC? [mag(mp + PO+ OP) — 3a3(—mGO + DP)D)} ,

Vs = gC2[mas(08 + S0+ 8) + 3a3(mED + (OS))0)

B Calculation of supertraces

are used

Tr(K_lfK_lg) =
Tr(0,K 'fK1g) =

Tr(0, K1 f0,,K tg) =

Tr(K ' f0,K 190, K 'h) =

Tr(K'f) =
Tr(9, K1 f) =

Tr(OK1f) =
Tr(D?K L f) =

e STr(K'NK~'V)

)
Vss = gC2|ax(08 + SO + O8) + 3mas(mOs + ED)} :
)

Here we calculate the divergent parts of two supertraces:
STr(K~'NK-'NK~'T). The following general formulas for the divergent parts of traces

B

7

: /d4w f9,
€

872

167

€

7
_ d4
8m2e / v

1 1 1
X <éamanfg + Enmnmfg - 577mnm2fg>,

7
%%b/d% fah,

i

m2/d4x 1,
€

872

0,

oy

im

8m2e d'z f,
- 6

im 4
1672€ &z f.

Using the definition of Supertrace we obtain

STr(K'NK™'V) = =3 Tr(K "Ny K~ 'V;)

The terms in (B.9) are

Tr [K‘lNHK_lvu]

3
+ ZTr(K_lNQiK_lvig) +...

A
+ ZTr(K*1N5,~K*11/i5).
)

,17,

STr(K'NK~'V) and

(B.1)
(B.2)

(B.3)

(B.9)



7
2m2e

+3a3(—m?POG — 10m S E + m2SOE — 2m4PG)] , (B.10)

_ 9202

/ d4z [CLQ((DS)2 + (OP)? — 4m280S — 20m*S? — 4m* P?)

Tr [K*lNQ?,K*lvgz + K*IN?,QK*IV%]

. 202
=Y > /d4x [— 2a2(GOG + 4m>G?)
dr2e
+2m2as(POP + 4m2P?) + 12a3m4PG} , (B.11)
Tr [K*1N45K*1V54 + K*1N54K*1V45]
=3 22 mg?C? / dtz [agm(PDP+4m2P2) + 6a3m> PG|, (B.12)
o€

Tr [K*VMK*NM + K*lva*le]
= 39202&37712L /d4x YO, (B.13)
d72e
Tr [K*1N22K4V22 + K*1N33K4V33]

' 1
— 20t /d43: [— 2a9 <2m2E2 + §EDE>

2m2¢
—m2ay(SOS + 4m?S?) — 6a3m4SE] , (B.14)
Tr [K*1N44K*1V44 4 K*1N55K*1V55]
_ _g2m?c?2L2 / diz [a2(4m252 +S0S) + 6a3m25E]. (B.15)
TTe€E
Te (K~ NipK ™ Vas + K7 Nog K Vi + K Ny K Vag + K~ Ny KV |
3' 202
=2 5 /d4x { — 2a5(m?S0OS 4 2m*S?)
2m4e
—m2a3(6m>*SE + EDS)} , (B.16)
Te | K~ Nos KM Vap + K~ Noo K Vas + K~ Nga K Vi + K~ Nig K~V
N
— _129202 / d*z [— 2a5(m?POP + 2m* P?)
2mée
—mZ2a3(6m2PG — GDP)} , (B.17)

Te[ K Not KWV — K™ N K~ WVay + K N K Vg — K N K1 |
1
2m2e

— 202 / A4z |:a2(2im21/1$1/1 + i Py)

+ga3m2wmzp} . (B.18)
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Adding all the terms (B.10)—(B.15) we obtain

STr(K'NK~'V) = —¢*C?

32, /d4x [3a3m2(—2PDG
—ypp + 2SOE)

+ay((08)? + (OP)? + 4m2S01S

— i — 2m>pidep + 4m? POP

+4m?E? + FOE + GOG + 4m*G?)|.

e STr(K'NKINK™'T)

Again, from the definition of Supertrace it follows

STr(K 'NK'NK™'T) = ~Tr(K "N, K ' N;; K~ 'Tj;)

+Tr(K Ny KNy K1 T)0)
S

+Tr(K "Ny KN K1 T).

The divergences appearing in (B.20) are

Tr(K Ny KN O(—id) + m))

7

=4¢*m— /d4x [— 4508

8m2e

—4POIP + 40m2S2? + 8m2P2} ,

Tr(K Ny K1 Noy K—100)

4%

~ 8n2e¢
Tr(K !Ny K1 N3y K—100)

/d43:

[ mE? + 4m2SE — 3m352] ,

x = mG? + 2mGP + 3m2P2} ,

Tr(K !Ny KNy K~10)

4%
8m2e

/d43:

'm2SE — 3m352} ,

Tr(K ' Nos K1 N5, K—100)

= —44g°
g 8m2e

7

/ d'z [3m3P2 n m2PG],

Tr(K N3 K1 Nos K—100)
B 4g%i

872e

/d43: [QmQPG +mG? — 3m3P2],

Tr(K N33 K1 N3s K—100)

— 442

93

m2e

1

/d4x [4m2ES +3m35% + mEﬂ,

,19,

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)



Tr(K 'N3y KNy K~10)
= 492L /d4x _3m3P2 — mQGP},
8m2e L
Tr(K 'N3s K1 N5z K—100)
i
82
mTr(K ' Noy K ' Nyp K~100)

= 44° dz [m2ES + 3m352},

(3
8m2e
mTr(K 1 Nys K1 N5y K~10)

=44° a4z [3m3s? - mQES],

—4p / dz [3mPP? + mQPG},
8m2e L
mTr(K ' N3s K1 N5z K ~10)

= 492L/d4£6 _m2E5+3m352},
e L

= 492% /d4x | m2GP + 3m3P2}7
8m%e L
Tr(K ' N3s K1 N3s K ~100)
=442 " /d% (E +mS)?,

8m2e
Tr(K N3 K 1 Nos K—10)
= 44° ! /d4x [mG2 - m?’PZ},
8m2e
mTr(K ' N3s K1 N5z K ~10)

/d4:r3 [mQES + 3m352},

1
8m2e
Tr(K N5y K 1Ny K~10)

= _4928% /d4x m3P2,
o€
Tr(K ' Nss K ' N K ~100)
_ 2 i 4 302
Tr(K 1Ny K 1 Nop K—100)
= 492% /d4x (E —mS)?,
8me
Tr(K !Ny KNy K~10)

— 15y [ s | 50— mi]

8m2e
Tr(K !Ny K1 Nis K~10)

— gy [ ate 00 -+ miv).

,20,

(B.28)

(B.29)

(B.30)

(B.31)

(B.32)

(B.33)

(B.34)

(B.35)

(B.36)

(B.37)

(B.38)

(B.39)

(B.40)

(B.41)



Tr(K !Ny KNz K~10)

— —4m928%26 / dix [%&MJFWM], (B.42)
Tr (K*leK*lNuK*lD)

= 442 m8 > /d4m [— %w@wmww], (B.43)
Tr(K ' NigK ' N3y K1 (=i + m)0) + Tr(K N K Nog K1 (—i@ + m)0)

— 8g2$26 / d*z i, (B.44)
Tr(K_1N42K_1NQQDK_1D)

— 44 28 ~ / d*z [3mQSE—3m3SQ], (B.45)
Tr(K~ 1N43K INg,OK~10)

— 44 28 . / d*z [3m2PG—3m3P2}, (B.46)
Tr(K~ 1N44K 1N425K*1D)

= —12¢4° 8772 d*z m382, (B.47)

(K*1N45K INs,OK~10)

= 124° 8— d*z m3P?, (B.48)
T
(K—1N54K INOKI0)
=—12¢°— [ d*z m3P?, (B.49)
87T
Tr (K—1N55K INssOK~10)
= 1247 o /d4:v m3S?, (B.50)

Tr(K N5 K1 NosOK ~10)

87:26 dtx [m2PG + m3P2], (B.51)
Tr(K 'Ns3s K1 N33OK ~100)

_ ZL 4 2 3 a2
=12g 87T2€/d x [m SE+m°S } (B.52)

Summing the terms (B.21)—(B.52) we obtain

2ia;C%m?g?

STr(K 'NK™'NK™'T) = - (B.53)

s

x/d4x [SDS+PDP—1,E@'$1,Z)+E2+G2 .

€
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